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TWO-FACED FAMILIES OF NON-COMMUTATIVE RANDOM VARIABLES 
HAVING BI-FREE INFINITELY DIVISIBLE DISTRIBUTIONS 

MINGCHU GAO 


Abstract. We study two-faced families of non-commutative random variables having bi-free 
(additive) infinitely divisible distributions. We prove a limit theorem of the sums of bi-free two- 
faced families of random variables within a triangular array. As a corollary of our limit theorem, we 
get Voiculescu’s bi-free central limit theorem. Using the full Fock space operator model, we show 
that a two-faced pair of random variables has a bi-free (additive) infinitely divisible distribution if 
and only if its distribution is the limit distribution in our limit theorem. Finally, we characterize 
the bi-free (additive) infinite divisibility of the distribution of a two-faced pair of random variables 
in terms of bi-free Levy processes. 
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Introduction 

On a free product of Hilbert spaces with a specified nnit vector there are two actions of the 
operators of the initial space, corresponding to a left and a right tensorial factorization respectively 
l [VDN] b In free probability, free random variables can be modeled as left or right actions on free 
products of spaces. When considering the algebra of left actions and the algebra of right actions 
on the free product space simultaneously, Voiculescu [Vol] discovered a new phenomenon of freely 
independent family of two-faced families of random variables, which is called bi-free independence. 
This “two-faced” extension of free probability is called bi-free probability (or free probability for 
two-faced oairsl introduced in |VoI| and recently. 

Bi-free independence is a more general notion than free independence. Classical independence and 
free independence can be treated as special cases of bi-freeness ([EH]). Voiculescu |VoIj demonstrated 
that many results in free probability such as existence of free cnmulants and the free central limit 
theorem, have direct analogues in the bi-free setting. Voiculescu |VoI] showed the existence of 
bi-free cumulant polynomials, but did not give explicit formulas for the polynomials. Mastnak and 
Nica |MN) introduced combinatorial objects called bi-non-crossing partitions, associated a family of 
(l,r)-cumulants with the combinatorial objects, and conjectured that bi-freeness was equivalent to 
the vanishing of these mixed cnmulants. This conjecture was later proved by Charlesworth, Nelson, 
and Skoufranis in [CNSI] . The same authors developed a theory of bi-freeness in an amalgamated 
setting in |CNS2) . 

In classical probability, infinitely divisible distributions appear as a broad generalization of the 
central limit theorem and the Poisson limit theorem; the limit distribution of the sums of i.i.d. 
random variables within a triangular array. Meanwhile, infinitely divisible distributions are closely 
related to Levy processes, a very important research area in probability theory ((PSaj). There 
has been a well-developed theory on infinitely divisible distributions in free probability: the limit 
distribntions of free random variables within a triangular array, infinitely divisible distributions with 
respect to the additive free convolution, and free Levy processes have a perfect relation similar to 
those in classical probability f |NS] l. In bi-free probability, Voiculescu [Vol] defined centered bi-free 
Gaussian distributions and proved an algebraic bi-free central limit theorem, a bi-free version of 
semicircle distributions and the free central limit theorem, respectively (7.2 and 7.3 in [Volj b In 
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Voiculescu studied a special kind of two-faced families of random variables where algebraic 
relations between left and right random variables ensure that all moments can be computed from the 
“two-band” moments ip{LR), where L and R are monomials in left and, respectively, right random 
variables. A simplest example is bi-partite systems where left and right variables commute with 
each other. In [GHMj . the authors studied infinitely divisible distributions in the bi-free probability 
setting for bi-partite systems. They derived a bi-free analogue of the Levy-Hincin formula for 
infinitely divisible distributions with respect to the additive bi-free convolution, constructed bi-free 
Levy processes corresponding to bi-free infinitely divisible distributions, and proved a bi-free limit 
theorem. In this paper, we study infinitely divisible distributions with respect to the additive bi-free 
convolution for general two-faced pairs of non-commutative random variables, i.e., we do not assume 
that the left and right random variables of the two-faced pair commute with each other. 

Besides this introduction, this paper contains 4 sections. In section I we review the basic knowl¬ 
edge on bi-free probability used in sequel. In Section 2, we prove limit theorems (Theorem 2.3 and 
Corollary 2.4) in bi-free probability, generalizing the limit theorem in free probability (Theorem 
13.1 in [NS]) and the limit theorem in bi-free probability for bi-partite systems (Theorem 3.1 in 
|CHM) 1 to the general case of two-faced families of random variables. As a corollary of our limit 
theorems, we get Voiculescu’s bi-free central limit theorem (Proposition 2.6). Section 3 is devoted 
to studying two-faced pairs of random variables having bi-free infinitely divisible distributions. We 
show that a two-faced pair (a, b) of self adjoint operators in a C'*-probability apace {A, cp) has a 
bi-free infinitely divisible distribution if and only if its distribution is the limit distribution of the 
sums of bi-free independent two-faced pairs of random variables within a triangular array (Theorem 
3.7). Finally, in Section 4, we define bi-free Levy processes (Definition 4.1). Our definition is very 
similar to Definition 4.1 in |CHM] . But we do not assume that the system is bi-partite. We find 
that a bi-free infinitely divisible distribution is exactly the distribution of ai = (ajp, a^p) of a bi-free 
Levy process {at = : t > 0} (Theorem 4.2), generalizing Theorem 4.2 in |GHM] to the 

general case of two-faced pairs of random variables. 

We refer the reader to [VPN] and [NS] for free probability, to [Volj . |Vo2j . [MNj . [CNSlj . and 
[CNS2j for bi-free probability, and to [KR] for operator algebras. 
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University, China, for pointing out mistakes and typos in the initial version of this paper. 


1. Preliminaries 

In this section, we review some basic concepts and results in bi-free probability used in sequel. 
Free Products of vector spaces Let A be a vector space with a vector 5, and a subspace 
Xq with co-dimension 1 such that X = 0 Aq. Let L{X) be the space of all linear operators 

on A. We use (A,Ao,^) to denote vector space A with the above decomposition property. Let 
{Xi,XifiAi)A G 7, be a family of vector spaces. The free product (A, Aq,^) = *ig/(Ai, Ai^o, Ci) is 
defined as 

A = Cf 0 Aq, Aq = 0n>l(0ii^i25^---5^in‘^jl,O ® Xi^fi 0 • • • 0 Xin,o)- 

We can define a linear functional (() : A —>■ C by (j){0 = liker((()) = Aq, then a linear functional 
: L{X) —>• C, P({T) = (/)(T^),VT G L{X). The pair {L{X),ip^) is a non-commutative probability 
space. 

A Tensor Product Factorization of Free Product Vector Spaces Let A = Aq 0 be 

the free product of a family {(A^, Ao,i,^i) : f G /} of vector spaces. For i £ I, define 

A(Z, f) = 0 ^^( 0 Ao_i2 0 • • • 0 Ao_i„), 

n>l 
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and 


<Y(r, z) — 0 0 Ao,i2 ® ■ ■ ■ ® 

n>l ,in^i 

Define a unitary operator Vi ■. Xi® X{l,i) ^ X hy 

Vi : 0 ^ I —Xfi i 0 ^ Xq i,^i 0 {X^ i^ 0 Xq i^ © • • • © Xq i^) I—>■ 0 X^ i^ © • • • © , 

Xo^i 0 (Ab,ii 0 dfo,i2 © • • • © dfo,i„) >—>■ dfoy 0 0 dfo,i2 © • • • © dfo,z„- 

We can define Wi : X{r,i) ® Xi ^ X similarly. 

An operator T G L{Xi) can act on the free product space {X, Xq, from leftmost Ai(T), or from 
rightmost Pi{T): 

A,(r) = V{T® I)V*,p,iT) = W,(I® T)W*. 

Bi-free independence. A two-faced family of random variables 

(6,c) := ((6,)ig/,(cj)jgj) 

is an ordered pair of two families of elements in a non-commutative probability space {A,p). 
For a two-faced family (6,c) = {{bi)i^i,{cj)j^j) of random variables in .4, its distribution : 
C(Ai,l^ |z € /,j G J) —>• C is dehned as 

M^-(P((A0i6/,(Y,),ej)) = <p(P((60i6/,(©),6j)),VP G C{Xi,Yj\i G /,j G J). 

A pair of faces (or face-pair) in a non-commutative probability space {A, p) is an ordered pair {B,C) 
of two unital subalgebras of A. Let tt = {{Bk,Ck))k£K be a family of pairs of faces in {A^ p). The 
joint distribution of tt is the linear functional : ^u^kBu * > C defined by /i^ = (/? o a, where 

a : *k^KBk * Ck ^ A is the homomorphism such that 

e Bk,a\c^{x) = x^x G C^. 

Let z' = {{bi)i^i, {Cj)j^j) and z" = {{b")i^j, [c")j^j) be two two-faced families in a non- 
commutative probability space {A,p). We say that z' and z" are bi-free if there exist a free 
product {X,p,^) = {X',p',^') * [X",p "of vector spaces and homomorphisms 

B : C{bl -AgI)^ ■■ <C{dj : j G J) ^ L{X‘^),eG 

such that := (A^ o l‘^{b\)i^j^ p’^ o r‘^{d^)j^j) with e G } have a joint distribution in {L[X), p^) 
same as that of z' and z" in (A, p). 

An example of bi-free two-faced families of random variables. Let T-L = ©ig/Pi be the 
direct sum of complex Hilbert spaces, and = Cfl © 0„>i P®" be the full Fock space. Let 

rn : B{X{n)) ^ C,r«(T) = (™,0),VT G P(P(P)), 

be the vector state on B{iF{'H)) corresponding to the vacuum vector D G TijH). Then {B{A{H)), t-h) 
is a C*-probability space. 

For f G'H,T G B{'H),^ = 0 • • • 0 Cn G P 0 • • • 0 P , define 

ntimes 

i{m = /, Km = / ® r{m = /, ym = mf, 

Ai{T)n = 0,AiiT)^ = (T^i) 0 6 0 • • • 0 A,(r)D = 0, A,(r)e = 6 ® • • • ® ?n-i ® (rCn). 

Proposition 1.1 (Remark 3.5 in [GHMj ). Let Bi and Ci be the C*-algebras generated by {Kf) ■ 
/ G PJ U {Ai(r) : T G B{'H),T'H, C n^muen, = 0} and {r(/) : / G PJ U {A,(r) : T G 
B{'H),T'Hi C 'Hi,T\-rLQ-Ui = 0}, respectively. Then {(Bi,Ci) : i G 1} is bi-free in [B{T{'H)),t-u). 
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Bi-free cumulants. Let x = ,hn) G {l,r}'^. Let’s record explicitly where are the 

occurrences of I and r in y. 

{to : 1 < TO < n, = /} = {toj(1) < mi{2) < ■■■ ,< mi{u)}, 

{to : 1 < to < n, hm = r} = {TOr(l) < mr{2) < ■ ■ ■ , < mr(n — u)}. 

Define a permutation : {1, 2, • • • ,n} —>■ {1, 2, • • • , n}, = nT-iii), if 1 < i < u; s^{u + i) = 

mr(n — u + 1 — i), li 1 < i < n — u. 

For a subset V = {ii,i 2 , ■'' j *fc} of the set [n] := {1, 2, • • • , n}, ai • • • ,an € A, define 

(pY (ui, * * * , CLji) — (2^2 ‘ ‘ ' 

Let V{n) be the set of all partitions of [n]. For a partition tt = {Vi, 1^, • • • ,14} G 'P{n), we define 

^7r(ai, * * * , Uyi) .- * * * 5 • 

VGtt 

Dehne V^{n) = {s^ o tt : tt G NC{n)}, where NC{n) is the set of all non-crossing partitions of 
[n] (Lecture 9 in [NS]). Let {A^p) be a non-commutative probability space. The bi-free cumulants 
[Ky. : A'^ —?► <C)n>i^y^{i^r}’' of (.4, (p) are defined by 

(^1G * * 7 ^ ^ Pit (^1, * * * , Cln)pn 0^,ln) (^’1) 

TT^'pCx) (n) 

for n > l,x G {Z, r}", tti, • • • ,a„ G A, where /r„ is the Mobius function on NC[n) (Lecture 10 
in [NSp . For a subset V = {ii,i 2 ,--- ,ik} C {1,2,-•• ,n}, let xv be the restriction of x on V. 
We define Kyy(ai, a 2 , ■ ■ ■ ,a„) = Kyy , ■ ■ ■ yO-ik)- For a partition tt = {V\,V 2 y-- ,bfc} S 

we define = ni/G-n- ^xT(aii 02 , • • • , a„). Then the bi-free cumulant appeared in (1.1) is 

■ ■ ■ I The bi-free cumulants are determined by the equation 

p{^(X\(i2 * * * Ojji) — ^ ^ ^xG(^1 j ^2, * * * , a^i), Vui, * * * , CLji G v4, (1.2) 

7rGP(x) (n) 

for a X : {1,2,-•• ,n}{Pr}’". 

Charlesworth, Nelson, and Skoufranis [CNSl] proved that two two-faced families 
Z' = ((Z').e/,(Z'),GJ),^" = 

in a non-commutative probability space (.4, p) are bi-free if and only if 

«x(4a)>4'(2)G-- ,<”(„)) = 0 , (1.3) 

whenever a : {1,2,--- ,n} —>■ x ■ {1^2,••• ,n} —)► {P?'} such that = X~^({^})i 

e : [n] —{'," }” is not constant, and n>2 (Theorem 4.3.1 in [CNS1| 1. 

2. Bi-free limit theorems 

Our goal, in this section, is to prove a bi-free limit theorem, an analogue of Theorem 13.1 in [NSj 
in bi-free probability. 

Lemma 2.1. Let [A, p) be a non-commutative probability space, and for eaeh IV G N, 

{{0‘l,N,l7 ar.Af.l), (a/,Ar, 2 , Or,AT, 2 ), ' ' ' , (oLIV.Af, ar,N,N)} 

be a sequence of two-faced pairs of random variables in A. An index tuple {(i(l),i(2), • • • ,i(ri)) : 
i{j) = 1,2, • • • ,N,j = 1,2, • • • , n} corresponds to a partition tt 0 / {1, 2, • • • , nj if 

pr^^ q4Pi{p) = i{q),p,q = 1,2,-•• , n. 

The following statements are equivalent. 
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(1) For all n gN, all tt G V{n), and all x • {1; 2, • • • , n} ^ r}, limits 

lim ^ ^ ^x(2),A^, 4 ( 2)5 ** * 5 ^x(4T'),-^,4(4i)) 

iV ^00 ' ^ 

exisi, where {*(1), i(2), • • • ,*(n)} is an index tuple corresponding to partition a. 

(2) The limits 

exist, for all {*(1), *(2), • • • ,i{n)} correspond to partition a, all x ■ 0-,‘2, ■ ■ ■ , n} —> {I, r} all 
a G a < TT, all TT G 'P{n), and all n G N. 

(3) For each n € N, % : {1, 2, • • • , n} —>■{/, r}, limit 

lim -/V^Xiln (®x(l)i^i*’®x( 2 ),Af,ij ■ ■ ■ :0,x{n),N,i) 

J\ —¥<X) 

exists, where i = 1,2, ■ ■ ■ ,N. 


Proof. (2) (1) is obvious, since the sum in (1) is a sum of finite terms. 

(1) ^ (2). For every n G N, tt = 1„, |7r| = 1, by (1.2), we have 


^ ^ ^ (^X(l)i-^i 4 (l) 5 ^x( 2 ),A^, 4 ( 2 ) 5 * * * j ^x( 4 i),A^, 4 (n)) 


tG'P(x) 


— ^Tio-xP),N,iO'x{2),N,i • • ■ 0,x(n),N,i) 

exists, f = 1, 2, • • • , TV. It implies that for a partition tt = {Vi,V 2 ,- ■ ■ , 14}, 
lim ^V^TT, nY( 2 ),A^,i( 2 )7 * * * 7 ^x(^) 7 .^ 7 h^)) 


N—^oo 


= lim I I NipvAa^ti)^N^.i,,a^t2),N,i, - ■ ■ ,0,xin),N,i) 

N—¥00 


i=i 

exists. From this, we have for tt G by (1.1), 

lim ^^x,"^(^xli),.^,^!)’ ^x(i),.^>h 2 )’ * * * 7 ^x(^),.^>h^)^ 

N —¥oo 

i. J- ^‘ ‘ 7^x(^),.^,^) 

ve-TT 

N 


N^''^TaiiaxP),N,i{l),axP),N,i{ 2 ),- ■ ■ , 0 ,^(^n),N,i{n))\v)T\V\{s^^ {a), l|y|) 


= lim TT V , , 

at-t-oo ^ A^kl 

ye7rCTep(5civ>(|y|) 

= 17 y ( lim ^ 

VGtt (j£‘p(x\v){V) 

X ^Irn^-lV'°''v5iT((ax(l),Af,i(l)’®x(l).Af.*(2); ■ ■ ■ ^ ^x{n),N,i{n))\v)F\V\{s^^ {<j), l|y|)) 
exists. Therefore, for a G 'pA),a < 11,11 G 'P{n),x : {l 7 2,--- ,n} —?► {l,r}^, the limit 

lim A^^ ^ ^Xi'^ (®x(l)i.^ii(l) ’ ®x(2),Af,i(2) 7 ■ ■ ■ 7 ®x(")j.^ih")) 


N—^oo 


a^ki . , I 

“ IvlFT ^ «^X.o-(®x(l),^,*(l)’®x(2).Af.i(2)7 • • • 7 Ox(").^f.*(")) 


A^—fCTO A^l^l N—^oo 

exists. 

(2) ^ (3) is obvious. (3) (2) is also obvious, by the proof of (1) ^ (2). □ 
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The following lemma is a bi-free probability version of Lemma 13.2 in [NSj . Using equations 
(1.1) and (1.2), we can get a proof as same as that of Lemma 13.2 in [NS] . 

Lemma 2.2. Let {A^ <f) be a non-commutative probability space, and for each N G N, 

{(a/,Af,l, 0,r^N,l), (a/,Af,2, a,r,N,2), ' ' ' {ai,N,N, ar,N,N)} 

be a sequence of two-faced pairs of random variables in A. Then the following two statements are 
equivalent. 

(1) For each n € N, y : {1, 2, • • • , n} —>■ {/, r}, limit 
lim 


exists, where i = 1,2, ■ ■ ■ ,N. 

(2) The limit 

^im 

exists, for every i = 1,2, - ■ ■ , : {1, 2, • • • ,n} ^ {I, r}, and n G N. 

If the above limits exist, they are equal to one another, i. e., 

N —¥00 N —¥00 

For each TV G N, let 


{aw,! — {0'l,N,l,0.r,N,l),0'N,2 — {o,l,N ,2, 0 .r,N ,2) t “ , 0 .n,N — {.O.l,N ,N, 0 .r,N ,n)} 

be a bi-free family of TV identically distributed two-faced fairs of random variables in a non- 
commutative probability {A, <p). It follows that, for n G N, y : {1, 2, • • • , n} —>■ {I, r}, the moments 

are independent of i. Let Sh,N = ^h,N,i, for h G {hr}, and Sn = {Si^n, Sr,N) be the two-faced 

pair of random variables in {A, tp ). Then we have the following limit theorem. 

Theorem 2.3. The sequence of two-faced pairs {Sn : TV > 1} converges in distribution to a two- 
faced pair b = (bi,br) in a non-commutative probability space {B,(j)), as N ^ oo, i. e., 

Sn""^ {buhr),N (2.1) 

if and only if for each n > 1, and x ■ {li 2, • • • , n} —>■ {/, r}, the limit 

lim N(p{a^(^i)^N,iax( 2 ),N,i" ‘ o,x{n),N,i) (2-2) 


exists. 

Furthermore, if the limits exist, then the joint distribution of the limit pair b = {bi,br) is deter¬ 
mined in terms of bi-free cumulants by 

K^(6) := %,l„(^x(l)’^ x(2)i ■ • • J^xin)') ~ J™ NTiO‘x{i),N,lO'x{'2),N,l ■ ■ ■ 


forx - {1,2,--- ,n} {l,r}. 
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Proof. We follow the idea in the proof of Theorem 13.1 in [NSj . For an n > 1, x ■ {1) 2, • • • ,n} ^ 
{/, r}, we have 




N—^oo 


N 


— lini / ^ ^(^x(i)5^!^(i)^x(2),iv,2(2) * * * 

N—^oc ‘ ^ 

i(l),i(2),-" ,i(n) = l 

= J™ X! - 1) • • • (A^ - Kl + l)(/?(aY(l).Ar.i(l)aY(2),Ar,*(2) • • • a^{n).N.i{n)) 


TG'P(n) 


= y (1™ 

' ^ J\f —irv 


7r£V{n) 


N—^oo 


N{N - 1) ■ ■ ■ {N - |7r| + 1) 
iVKI 


X lim N^'^^ip{a^fi\^NMl)ayf.(2),N,i(2) ■ ■ ■ 0-^(n),N,i(n))) 
N —^oo 


— ^ -^'’^'¥’(®x(l).^.*(l)®x(2)W.i(2) ■ ■ ■ ®x(")W.i("))’ 


TG'P(n) 


where {i(l), i(2), • • • , i{n)} is an index tuple corresponding to partition tt. By the discussion in the 
proof of Theorem 13.1 in [NSj . {Sn : > 1} converges in distribution if and only if 

lim A^'’^'</ 2 (ap^(i)_jv.i(i)aY( 2 ).w.i( 2 ) ’ ’ ‘ Ox(")W.i(")) 


exists for all tt € Vfn), where {i(l), i(2), • • • ,i(n)} is an index tuple corresponding to partition tt. 
For a TT € Pin), by (1.2) and (1.3), we have 

N'''^''p{.0-Xp),N,i{l)^x{‘^),N,i{2) ‘ ‘ ‘ 0-x{n) ,N ,i{n)) 

= E A^^ ^^x.<^(^xCi),.^jdi)’ ^x(2)W,d2)’ * * * 

ctG'P(>£) 

~ iV™ E A^^ ^^x.^(^x(i)W.di)’ ^x(2),A^,d2)’ * * * ’ ^x(^)j.^jd^)^ 

fj^'pix) ,cr<7r 


By Lemmas 2.1 and 2.2, we get that (2.1) is equivalent to (2.2). 
If the existence of the limits is assumed, then 


Pi^Xp),NSx(2),N ■ ■ ■ 'S'x(n),Ar) 

E ^'’"'v2(ax(l),7V,i(l)ax(2),iV,z(2)---ax(n).Af.i(")) 

7rG'P(n) 

=JToo E E ^ ’ ^x( 2),A^,2(2) ; * * * 5 ^x('^))'^)*('^)) 

'n'^V(n) ,cr< 7 T 

~ ^ ^ ^^Xi'^(^x(l)i-^i*(l)’^ x(2),A^,^(2)7 * * * ; 

N—¥oo ' ^ 

•7rG'P^(n) 

^ ^ aI^^ ^ (^x(l)i^)^(l) ’ ^x(2),A^,'i(2) 1 * * * ; 

' ^ N—>-oo 

7rG'P^(n) 
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On the other hand, by equation (2.1), for every n € N, y : {1, 2, • • • , n} —t {Z, r} 

^x(2)’■ ■ ■ ! ^x(")) ~ ^x.7r(^x(l)’^x(2)! ■ ■ ■ ’ ^x(")) 

7re-p(x)(n) 

= 1 ™ ‘f{Sx{l),NSxi2),N ■ ■ ■ S^(^ri),N) 

Jy —¥oo 

^ ^ ^ ’ ^x(2),A^,2(2) 7 * * * 1 

‘ ^ N —^oo 

7rGP^(n) 

By the definition of bi-free cumulants, the cumulants are determined uniquely by (1.2) (Proposition 
5.2 in [MNj b Therefore, 

^X)'^(^X(1)’ ^x( 2)5 * * * ; ^x(^)) ^ ^X)"^ (^x(l)5-^5^(l) ’ ^x( 2),-/V,2(2) ; * * * ; ^xC"^) ) ' 

N—¥-oo 

Especially, by Lemma 2.2, 

^x(^) '^^X.lr. (^x(l) ’ ^x( 2)5 ■ • • )^x(")) 

= -^^x,ln(®x(l),^.l’ ®x(2).Af.l’ ■ ■ ■ 5 ^x{n),N,l) 

= ■ ■ ■ ®x("),^.i)- 

□ 


Without any essential difficulties, we can generalize the above limit theorem to the multidimen¬ 
sional case. 

For each N gN and 1 < m < IV, let aN,m = m)*G/i m)jej) be a two-faced family, and 
{aN,i,aN, 2 , ■ ■ ■ , Oat,at} be a bi-free sequence of identically distributed two-faced families of random 
variables in a non-commutative probability (.4, i^), where / and J are disjoint index sets. It follows 
that, for n > 1, y : {1, 2, • • • , n} —>■{/, r}, and q;:{1,2,-- - ,n} ^ I\_\J, such that y“^(0 = 
the moments 


, (a(l)) (a(2)) , 

‘^l“x(l)W.™“x(2)W.m 


),1 < m < N, 


are independent of m. Let = J2m=i ® 


(i) 


(“(")) 
x{ri),N,m 

for*e/, 


r,N,m'> 

Sn = be the two-faced family of random variables in {A, if). 

the following limit theorem. 


for j G J, and 
Then we have 


Corollary 2.4. The following two statements are equivalent. 


( 1 ) 


There is a two-faced family b = ({bi^i)i^i, (brj)jej) in a non-commutative probability space 
{B, (j)) such that 

n distr 7 

Sn -t b, 


as N ^ oo. 

(2) For each n > 1, y : {1,2,--- ,n} —>■ {l,r}, and a : {1,2,--- ,n} 
y“^(/) = a~^{I), the limit 


lim 

N—¥oo 


Np{a 


(a(l)) 

x(i)W.i 


d«(2)) 

\(2)W, 


1 


a 


(a(n)) 

x(")W.i 


) 


I\_\J, such that 


exists. 


If the existence of the limits is assumed, then we have 


^X,ln(^x(l).a(l)’ ^X(2).a(2)j ‘ ‘ ‘ i b^{n),a{n)) 


lim 

N—¥oo 


N(p{a 


(«(i)) 

x(i)W.i 


a 


(a(2)) 

X( 2 ).JV .1 


a 


(a(n)) 

X(")W .1 


)• 


As an application of the above limit theorems, we can prove Voiculescu’s bi-free central limit 
theorem (7.9 in [Volp in a special (but most popular) case. First let’s recall Voiculescu’s centered 
bi-free Gaussian distributions. 
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Definition 2.5 (7.3 in |Volj i. Let I and J he two disjoint index sets. A two-faced family z = 
in a non-commutative probability space (^, has a bi-free centered Gaussian 
distribution if its cumulants satisfy Ka^i^{z) = 0, for all a : ■■ ■ , n} —> / [J J, and n G N,n ^ 2. 


Let’s use our limit theorems to prove the bi-free central limit theorem. 


Proposition 2.6 (7.9 in [Volj l. Let n £ N, he a bi-free sequence of 

identically distributed two-faced families in [A, p) such that ip{z^'^) = 0, V/c £ / [J J and n £ N. Let 
SN,k = for k G I\JJ,N gN, and Sn = {{SN,i)i(^i, ('S'tvjOjg j)- Then 


n, distr 7 

Sn b, 


where b = {{bi)i^i,(bj)j^j) is a two-faced family in a non-commutative probability space (B,4>) 
having a bi-free centered Gaussian distribution such that K{bkbi) = (f{z'^^'^z\^'^),'ik,l G I\_\J, and 
n £ N. 


^(m) ^(m) 

Proof. By Corollary 2.4, we need to show that Muin^oo exists, for all k : 

{1,2,-- - ,n} — L\_\J,n > 1, and m £ N. In fact, 


i^k.i„{b) 


lim 

N—^OO 


N(p{ 


(m) (m) 

^fc(l) ^fe(2) 

'TF’TF 




= lim 


N 


N^oo A^^/2 


(p{z 


(m) (m) 

mm 


42 )) = K2^iz, 


(m) 
fc(l) ' 


(m)'l 

^k{n))- 


□ 


3. Bi-free infinitely divisible distributions 


The goal of this section is to define and stndy bi-free inBnitely divisible distributions in a more 
general setting than that in |GHM) : we do not require that the random variable in the left face 
commute with that in the right face of a two-faced pair of random variables. First let’s give the 
definition. 


Definition 3.1. A two faced pair a = {ai,ar) of self-adjoint operators in a C*-probability space 
{A^q}) has a bi-free infinitely divisible distribution if for each N gN, there is a bi-free sequence of 
N identically distributed two-faced pairs {(a;_w,i, Or-.N.i) ■ i = 1^2, ■ ■ ■ ,N} of self-adjoint operators 
in a C*-probability space {An,Pn) such that 

N N 

Sn {Si^N j Sr^N) ( ^ ^ Rl.N.U 

i=l i=l 

in {An,Pn) has a distribution same as that of a = {ai,a^) in {A,ip). 


Lemma 3.2. For each N Gf^, let Hn = TL 
/©/©• 


i-H. For f,gGn,TGB{n), let 


f = 


' f - 9®g 

— G nN,g = - 


N copies of 1-i 

~ -(Bg 


G Un.T = T ®T { 


^TGBiUN). 


Vn Vn 

Then A := {l{f),l{'g)*,r{f),r{'g)*, Ai{T), Aj.{T) : f,g G 'H,T G B{TL)} has a distribution in 
{B{F{'Hn)),thn) same as that of A := {l{f),r{f),l{g)* ,r{g)* ,Ai{T),Ar{T) : /,g £ 'H,T £ B{U)} 
in {B{F{n),Tn). 


Proof For any 6 £ A, Tn{b) = 0 = T-H^ib). For bo,bi, ■ ■' bn,bn+i G A,n > 0, th(6o • • • &n+i) 0 

implies that bo = x(g)*, 6„+i = xif), f,9^TL,x^ {I, r}, and bi- ■ - bnf = fo G TL. Then 

t «( 6 o --- 6 „+ i ) = {bi---bnf,g). 
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Very similarly, r-Ui^ibo ■ ■ ■ bn+i) ^ 0 implies that T-u,^{bo ■ ■ ■ bn+i) = {bi ■ ■ ■ bnf,g). 

Since 6i • • • 6„/ € H, there are k operators {x(*)(/i) : fi £ H, x(i) € {/, r},i = 1, 2, • • • , fc} and 
k operators {x(*)(/i)* : fi £ '^jX(*) € = 1,2, ••• ,fc} among ,^n}, 2/c < n. Let’s 

prove 

{bi- ■ -bnf^g) = (bi- ■ ■bnj,g)- (3.1) 

by induction in k. 

When /c = 0, it is obvious that (3.1) holds true, because are A^(T), T £ B{'H),x £ 

{l,r}. When fc = 1, after performing actions of A^(T),T £ x £ {^^}j we can assume that 

there is no ‘ ‘ > bn}- Therefore, n = 2. 

Case I. bi = l{fi)*,b 2 = l{f 2 )- or bi = r(/i)*,62 = ^(/2). In this case, we have 

{bib 2 f,g) = (/ 2 ,/ i )(/, 5 ) = {f 2 ji){f,g) = (bihf,g)- 

Case II. bi=l{h)*,b 2 =rif 2 ). 

{bib2f,g) = (/,/i)(/2,ff) = (/,7 i)(/2,?) = (bihf^g). 

Case III. bi = r(/i)*, 62 = Hf 2 )- The discussion is same as that in case II. 

Suppose (3.1) holds true for k < K. Now we consider the case that k = K. After performing 
actions of A^(T), T £ BiJi), x £ {^) ''’li we can assume that &i, • • • ,bn are creation or annihilation 
operators. Choose the largest index i such that bi = or r(/i)*, and bi+i = l{fi+i) or r(/i+i). 

Then bj =x{fj)J = i + 2, • • • ,n,x£{l,r}- 

Case 1. bi = l{fi)*,bi+i = l{fi+i). Since ^(C)?'(C) = ^(C)^(C)i lor all S H, we can write 
bi+i ■■■bn = l{fi+i)l{^i) ■ ■ ■ li^p)r{Cq) ■ ■ ■ r(Ci), P + q = n-i-1. Then, by the inductive hypothesis, 
we have 

= {fi+i,fi){bi^^-bi_ibi+2---bnf,g) 

= (/i+l,/i)(&l-'-&i-l&i+2-- •&«/,?) = (^1 • • • 

Case 11. bi = r{fi)*,bi+i = l{fi+i), and g > 0. By inductive hypothesis, we have 
(^1 • • • bnf, g) ={bi ■ ■ ■ 6,_ir(/i)*l(/,+i)/(fi) • • • /(^p)r(Cg)r(Cg-i) • • • r{Ci)f,g) 

={bi ■ ■ ■ 6,_il(/,+i)/(^i) • • • l{^p)r{fi)*r{(g)r{Cq_i) ■ ■ ■ r{Ci)f,g) 

=(C,, f^){bl ■ ■ ■ &.-iZ(/.+i)/(ei) • • • ■ ■ ■ r(Ci)/, g) 

=(c„ Ml ■ ■ ■h-M+iMi) ■ ■ ■ MM) ■ ■ ■ Ml 9 ) 

=(bi ■ ■ ■%-il{l+i)l(ii) ■ ■ ■ l(ip)ril)*r(Cq)r(Cq-i) ■ ■ ■ r{Ci)f,g) 

=(bi ■ ■ ■b,_ir{fiyi{fi+i)l(ii) ■ ■ ■ l(ip)r(Cq) ■ ■ ■ r'(Ci)/,?) = 7i ■ ■ -bnM^ 

Case 111. bi = r{fi)*,bi+i = l{fi+i), and q = 0. 

(&i • • • bnf, g) =(61 • • • 6._ir(/,)*Z(/.+i)/(ei) • • • l{^p)f,g) 

=(61 • • • 6._i/(/.+i)Z(a) • • • l{^p-i)mp)r{fi)*flg) 

=(/, h){bi ■ ■ ■ &._iZ(/.+i)/(ei) • • • l{^p-i)ip, 9 ) 

=(/, Ml ■ ■ ■h-ii{l+i)i{li) ■ ■ ■ mp-i)M) 

={h ■ ■ ■h-ii{l+i)i{li) ■ ■ ■ Klp-i){Mil)*A9) 

={h ■ ■ ■%-ir{firi{MM ■ ■ ■ Ml 9 ) = {bi-- ■bnlg)^ 

Case IV. bi = r{fi)*,bi+i = r(/i+i). The proof is same as that for Case 1. 

Case V. 6, = /(/,)*, 6,+i=r(/,+i), and p = 0. The proof is same as that for Case 111. 

Case VI. 6, = /(/,)*, 6,+i=r(/,+i), and p > 0. The proof is same as that for Case 11. □ 

The following corollary provides a particular type of bi-free infinitely divisible distributions. 
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Corollary 3.3. For f,g G 'H, Ai, A 2 G C, and Ti,T 2 G we have the following conclusions. 

(1) Letb= {{bi.i,bi^2,h.3),ibr,i,br,2,br,3)) = {{l{f),lig)*,Ai{Ti)),{r{f),r{g)*,Ar{T 2 ))) and B 

the set of all operators in b. Then the bi-free cumulants of elements in B have the following 
form. Let x be a map from {1, 2, • • • , n} into {I, r}, for n G N. Then Kxibi) = 0, V 6 i G B. 
For n = 2, the cumulant ^ 2 ) 7 ^ 0 only if bi = l{g)*, or r{g)*, and 62 = l{f), or r{f). 

In this case, 

Kxibi, b2) = {f,g). 

Forn > 2, Kxibi • • • 6„) 7^ 0 only if bi = lig)*, or rig)*, = l{f), or r{f), andb 2 ,bs,-- ■ ,6„_i 
are A/j(Tj), i = 1,2, and h G {l,r}. In this case, 

Kxibl,b2,--- ,bn) = {b2 - ■ ■bn-lf,g). 

(2) Let Ti,T 2 G Bin) be self adjoint, and Ai, A 2 G K. Then the two-faced pair a = { 01 , 0 ^) '.= 
iKf) + Kf)* + ^li"^!) + ^i^,^i9) + ^( 5 )* + AriT 2 ) + A 2 I) has a bi-free infinitely divisible 
distribution. 


Proof. (1). For iV G N, by Lemma 3.2, b has a distribution same as 

b:=iil{f),lig)*,Aiif,)),irif),rig)*,Arif2))). 
Furthermore, b is the bi-free sum of &i -I- • • • , where 


b^ = mfi),ligf)*,Ai{{T^)i),{Tih),r{%)*,A,{{T2)^)),h 


O 0 --- 0 O©/©O©---©O 

Vn 


the i-th component of /. All summands have the joint distribution of 

((Kf) Ka)* . (r{f) r{g)* 

For bi G B, let bp^^i be the corresponding element in 

„ ._Af) Kg)* . r{f) r{g)* 

'tv- W TV' W 


For 61 , & 2 , • • • ,bn G B, we have limjv_>.oo NpNibN,! ■ ■ ■ bp^.n) f=- 0 implies that bpp^n = ^(/)/'\/^ or 
= r{f)fy/N, and 67 V ,1 = lig)*/'/N or bpp^i = r{g)*/y/N, and others &Ar, 2 , • • ■ &Ar,n-i are Aa(Tj), 
i = 1,2, h G {I, r}. In this case, by Corollary 2.4, we have 


Kxibi,-■■ ,bn) = {b 2 b 3 - ■ ■bn-if,g). 

(2). Without loss of generality, we can assume Ai = A 2 = 0. For any A^ G N, by Lemma 3.2, a 
and a = (/(/) + ?(/)* + Ai{Ti), rig) + rig)* + AriT 2 )) have the same distribution. Moreover, let 

= iKfi) + Kfi)* + Ai{Tii),rigi) + ligi)* + AriT2i)), 

where fi,'gi,Ti are the i-th summands of the direct sum vectors f,g, and operator T, respectively. 
Then by Proposition 1.1, ai, 02 , • • -dpf are bi-free. It is obvious that a = oi + • • • + dpf. Hence, a 
has a bi-free infinitely divisible distribution. □ 


The following result is a corollary of Proposition 6.4.1 in [CNS2) . 

Lemma 3.4. Let ai, 02 , • • • a™ ben random variables in a non-commutative probability space [A, gf), 
and n > 2. If Oi = 1, for some i, 1 < i < n, then for every y : {1, 2, • • • , n} —7 {/, r}, tt G [n) 
and {1} is not a block of tt, Kx.-wioi, • • • , a„) = 0. 
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Definition 3.5. Let {A^ <f) be a non-commutative probability space, T := {k^ : x ■ {1; 2, • • • , n} —>■ 
{l,r},n > 1} be the set of all bi-free cumulant polynomials of (^, i^). We say that the cumulant 
set of a two-faced pair a = {ai,ar) is conditionally non-negative definite if for every sequence 
Xi : {1, 2, • • • , i} -)■ {/, r},i = 1,2, - ■ ■ ,k, in T, and oi, 02 , • • • , ctk G C, 

k 

^ ^ OnOm^XnLJXTn (^) — 
n,m—l 

where K^^UXmi^) ~ '^XnCiXmi^XnW^ '' ' WxniAl^Xmim)-!' ' ' J®Xm(l))j 

Xn u Xm : {1, 2, • • • , n + m} {Z, r}, 


Xn LI Xm(*) — ■( , -in -f ^ ^ I 

I Xm(w + n — z + Ij, ifn<i<n-\-m. 

Definition 3.6. Let a = {ai,ar) be a pair of two self-adjoint operators in a C*-probability space 
(A,(p). We say T := {^^(a) : x • {1)2, ••• ,n} —>■ {l,r},n > 1} is conditionally bounded if for 
A G {l,r}, there exists a positive number L such that 


k k 

^ an ^m^(XnUA)U(XmUA) (^Xn (1) ? * * ’ 7 ^Xn ('11') "> (iTl) 5 * * * J ^Xm (1)) ^n^m^Xn^Xm 

n,m—l n,m—l 


Vxn : ( 1 , 2 , • • • ,n} ^ {l,r},an £ C,n = 1,2, - ■ ■ ,k,k> 1. 

Theorem 3.7. Let a = {ai,ar) he a two-faced pair of self-adjoint operators in a C*-probability 
space {A, if). The following statements are equivalent. 

(1) a has a bi-free infinitely divisible distribution. 

(2) the bi-free cumulant set T(a) := {^^^.(a) : x : {1)2,--- ,n} —>■ {l,r},n > 1} is conditionally 
non-negative definite and conditionally bounded. 

(3) a is the limit in distribution of a sequence of triangular arrays in the limit theorem (The¬ 
orem 2.3): For each N £ 'H, there is a bi-free family {{ai^N,i,,a-r,N,i) ■ i = 1,2, ••• ,N} 
of identically distributed two-faeed pairs of self-adjoint operators in a C*-probability space 
{An,Tn) such that 

Kx{a) = lim N(pN{ax{i),N,iax{ 2 ),N,i ■ ■ ■ ax{n),N,i)yx : { 1 , 2 , - • • ,n} ^ {l,r},k> 1 , 

N—^-oc 

where 1 < i < N. 


Proof. (3) ^ (2). For fc S N, Oi G C, * = 1, 2, • • • , fc, and a sequence {kx^ G T(a) : z = 1, 2, • • • , fc}, 
by Theorem 2.3, we have 

k 

^ ^ 07^Q^7n^XnLlXm (^) 
n,m—l 

k 

^ ^ ^n0^mV^Al(^^Xn(l),-/V,2 * ’ * ^Xn{'>T-) ,'^^Xm{'m) ,N ,i * * * ^Xm. (1) 

N —¥oo * ^ 

m,n=l 

k k 

~ ^ ^n^Xn(l),A/',z ‘ ‘ * ^x-n.{n),N,i){ / ^ ^m^Xm{^),N,i ‘ ‘ ‘ ^Xm{'m),^,‘i) ) — 

N—^oo ‘ ^ ^ 

n—1 m—1 
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Now we show that T(a) is conditionally bounded. For an G C, = Qxn(i)®xn(2) ‘ ‘ ’ “xnlfi)’ 
: {1, 2, • • • , n} —>■ {Z, r}, n = 1, 2, • • • , fc, fc > 1, and A £ {I, r}, by the previous argument, we have 


^ ' <anQ^m^(XnUA)u(xmUA) (®) 


n,m=l 


^ * * ’ ^Xn-i^) ,N ,i)^ x{ ^ ^ * * * ^Xm{fn),N,i) ) 


— II^aII ^n^Xn(l),-/V',2 * * * ^Xn.('n),N,i){ / ^m^Xmi^) ,N ,i * ‘ * ^Xmi'fn) ,N ,i'} ) 

N—¥-oo ‘ ^ ^ 


n=l 


m—1 


— ^ ^ ^ (^)* 
n,m=l 


We get the desired result with L = ||a^||. 

(2) (1). Let C{Xi,Xr) be the set of all polynomials in two (non-commutative) variables Xi 

and Xr without constant terms. Let 


Xx ■ ■ ■ ^x{n)^'^X ■ {1:2,••• ,n} —>• {l,r},n> 1. 

By (2), we can define an inner product on <C{Xi,Xr) by a sesquilinear extension of 

(^x„:^Xm) = «^XmUx„(a):Vx* ! ( 1 , 2 , •• • ,i} ^ {l,r},i = m,n,m,n> 1 . 

We, thus, get a Hilbert space % after dividing out the kernel and completion. After identifying 
C{Xi,Xr) with its image in TL, we may treat elements of C{Xi,Xr) as vectors in H and operators 
on H. Consider the C*-probability space B{X{'H),t-u) and the operators 

b = {bi, br) = {l(Xi) + l{Xi)* -\- Ai(Xi) + K{ai)l, r(Xr) r(Xr)* Ai(Xr) K(ar.)l), 

where X\, A £ r-}, is the right multiplication operator of X\ on 'H, that is, 

Aa(X^(1)Xx( 2) • • • -^x(")) “ "^x(l) ■ ■ ■ ^xl")"^-''’ 

for X^(i) ■ ■ ■ X^(n) G C{Xi,Xr) C H. By (2), X\ is a bounded operator on H, therefore, A(Xa) £ 

B{x{n)). 

Now we show that A{X\) is self adjoint onX{H)- For x : (1, 2, • • • ,n} ^ (Z, r}, <5 : (1, 2, • • • , m} —>• 
{/, r}, we have 

("’^X(I) ■ ■ ■ -’^x(")’^(^^)*^<5(l) ■ ■ ■ ^S{m)) 

= (A(Xa)X^(1) • • • • • • Xs(rn)) 

~(^x(l) ' ' ’ ^<5(1) ' ' ’ ^S{m)) 

^5u(xLJA) (^(5(1): * * * : ^5(m): ^A: ^x(^) ’ * * * ’^x(l)) 

(^x(l) * * ' ^xA) ’ ^^(1) * * ' ^S(m)^x') 

= (^X(1) ■ ■ ■ -’^X(")’^(^^)^<5(1) ■ ■ ■ ^S{m)) 

It implies that A(Aa) = A(Aa)*. Thus, bi and br are self adjoint operators in B{T{H))- 

With the same method, we can prove that in decomposition d = di + • • • +d m in Corollary 3.3 (2), 
each di is a pair of two self adjoint operators in a C*-probability space for i = 1, 2, • • • ,N,N £ N. 
Hence, by Corollary 3.3, b = {bi, br) has a bi-free infinitely divisible distribution in sense of Definition 

3.1. 

Finally, we show that a’s distribution in {A, (p) is same as that of b in {B{X{'H)), T'h). 

It is obvious that k(&x) = ^(^x): X ^ {^a}- 
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For n >2, let 

b = {bl, hr) = ((&Z,1 + 6;,2 + b^s), (6r,l, &r,2, ^r,3)) 

:= + liXi)* + Ai{Xi)), (riXr) + r(X,)* + A,(X,))). 

By Lemma 3.4, b and b have the same bi-free cumulants for any map y : {1,2, ••• , n} —>• 
{/, r}, n>2. For n = 2, by Corollary 3.3, we have 

3 

Kxibubr) = ^ Kx{bi^i,brj) = {Xr,Xi) = K^{ai,ar) 
i,i=l 

and, similarly, K{br,bi) = K{ar,ai). For n > 2, y : {1,2, ••• , n} —>■ {l,r}, we have 

3 

^x(^x(l)> ^x(2)’■ ■ ■ ’ '^x(bx(l),a(l)’'' ' ’b'^(n),a(n)) 

a(l),a(2),--- ,a(n) —1 

= {bx(2),3 ■ ■ ■ bx{n-l),3Xxin ), -^^(1)) 

~(^X(2) (^X(2)) ■ ■ ■ ^X(™-1)("^X("'-1))"^X(")’"^X(1)) 

= (-Ax(n) ATxln-l) • • • Ar^(2), Ar^(l)) 

= Kx(ax(l)> ®x(2)i ■ ■ ■ 5®x('i))- 
Hence, a has a bi-free infinitely divisible distribution. 

(1) ^ (3) is obvious. For each N gN, choose a bi-free sequence 

{(ai.Af.lj ar,Ar,l), {ai,N,2,ar,N,2) • ■ ■ , (a/,Ar,Ar, ar,N,N)} 
of identically distributed two-faced pairs of self-adjoint operators in a C'*-probability space {An, ‘Pn) 
such that Sn = ^r,N,i) has a distribution same as that of a. It is trivial to see 

that Sn converges in distribution to a, as N ^ oo. □ 

4. Bi-free Levy Processes 

In this section, we investigate the relation between bi-free Levy processes and bi-free infinitely 
divisible distributions. Let’s give the definition of bi-free Levy processes first. 

Definition 4.1. A family {at = {ai^t,o-r,t) : ^ > 0} of two-faced pairs of self-adjoint operators in a 
C*-probability space (.A, (/?) is called a bi-free Levy process if it satisfies the following conditions. 

(1) ao = (0,0). 

(2) If 0 < ti < t 2 < ■ ■ ■ < tn < OO, then atj — , • • • , at„ — are bi-free, where at — Os = 

{ai,t ai^s, ar,t ar^s )• 

(3) For 0 < s < t, the distribution of at — Og depends only on t — s. 

(4) The distribution pit of at converges to 0, as t ^ 0-f. 

Theorem 4.2. Let a = {ai,ar) and at = {ai^t,ar,t) be two-faced pairs of self-adjoint operators in a 
C*-probability space {A,ip). 

(1) Let {at = {apt,ar,t) '■ t > 0} be a bi-free Levy process. Then ai has a bi-free infinitely 
divisible distribution. 

(2) If a = {ai,ar) has a bi-free infinitely divisible distribution, then there is a bi-free Levy process 
{bt = {bpt,br,t) : t > 0} in a C*-probability space {B,(j)) such that a and bi have the same 
distribution. 

Proof. For 0 < s, t, at+s = {ot+s — Us) + Og. By the definition of bi-free Levy processes, (ct+g — Cg) 
and Og are bi-free, and at+g — Og and at have the same distribution. Generally, for any n € N, 

n—1 

Cll = (^1/n “t” (^1 ^1/n) = * * * = Cll/n “1“ ^ ^ (Q'( 2 + 1 )/n ^z/n)- 

2=1 
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Hence, ai has a bi-free infinitely divisible distribution. 

Let a = {ai,ar) has a bi-free infinitely divisible distribution. By The proof of Theorem 3.7, we 
can choose a as 

a = (l{Xi) -f l{Xi)* + Ai[Xi) + K{ai)l,r(X^) + r^X^.)* + A;(Xj.) + K^a^)!) 

on the C*-probability space t-h), where 'H is the Hilbert space obtained from the polyno¬ 

mial set C{Xi,Xr) by a special sesquilinear form defined in the proof of Theorem 3.7. The following 
construction is adapted from the proof of Theorem 4.2 in |GHM) (originally, from [GSSj l. Define a 
new Hilbert space /C = L‘^(M.+ ,dx) 0 H, where R+ = [0, oo). For a Borel set I C K+, let xi be the 
characteristic function of I in (R+, dx) . Mj be the multiplication operator of xi on (R+, dx) . 
Define 

Xl,t=XlO,t)<^XhXr,t = XlO,t)<^Xr,Al,t = Mlo,t)<^M{Xl),Ar,t = M[o,t) 0M(X^), 

where M{Xx) ■ H ^ H is the right multiplication operator of X^ 0X1%, x^ Then consider 

the operators 

ht = {l{Xi^t) + liXi^t) + Ai[Ai^t) + r[Xr,t) + r(Xr,t) + Ar{Ar,t) + tK(ar)), t > OjBq = (0, 0) 

on the C'*-probability space 

For 0 < s < t, define = X[s,t) ® ® M{Xa),a € {l,r}. Then 

bt - bs ■■= {ci,Cr) := (c;,l -I- c ;,2 + C ;,3 + {t - s)K{ai),Cr,l -I- Cr ,2 + Cr.3 + {t - s)K{ar)) 

= (l{Xl^s,t) -\-l{Xl^s,t)* + Al{Al^s,t) % (t — s)K(ai), r(Xr,s,t) + r(Xr,s,t)* + Ar{Ar,s,t) % it~ s)/v(ar)). 

Let 0 < to < H < • • • < in- Define 

/Co = T^([0, to), dx) ®%,Xi = L^{[ti-i,ti),dx) ®%,i = 1,2, - ■ ■ ,n. 

Then /C = 0"^o bet Bi and Ci be the unital C'*-algebras generated by {/(/) : / G Xi}U{Ai{T) : 

T G B(/C), T/C, C /C„ T\^eic, = 0} and {r(/) : / G /CJ U {A,(T) : T G B{X),TX, C }C,,T\KeK, = 
0}, respectively. By Proposition 1.1, : 0 < i < n} is bi-free in {B{%{%)), tjc)■ Since 

— X[o,io) ^ Xci G /Co, and Aq^ i^ — 0 Ali^Xo,) . /Co ^ /Co? and |/cq/Co — 0; for 

a G {l,r}, we have btg G (Ho,Co). Very similarly, bf^ - btg G (Hi,Ci), • • • ,bt^ - bt„_^ G {Bn,Cn). It 
implies that btg,bt^ — btg, - ■ ■ ,bn — bn-i are bi-free. 

It is obvious that k(c^) = (t—s)K(a^), y G {/, r}. For n > 2, by Corollary 3.3, K;^;(c^(i), • • • , c^(n)) 7^ 
0 if and only if K^(a^(i), • • • , 7^ b- In this case, we have 

^x(Ox(l)i‘‘‘ Xx(n)) =(Cx(2),3 • • • Cx(n-l),3^x("),s.i> "^x(l).s,t) 

“^x(®x(l)’ ®x(2)i ■ ■ ■ J ®x("))(A[s,t)j Xls,t)}L^(R^,dx) 

= Kx(®x(l)’ ®X(2)> ■ ■ ■ J ®x("))(^ ~ '®)’ 

The above discussion also shows that Kxi^t) = - ,n} {l,r},n > 1. Thus, 

—>■ 0, as t —O-f. It follows that {bt ■ t> 0} is a bi-free Levy process, and K^{bi) = K^{a), for all 
X : {1,2 ,--• ,n}-)> {/,r},n > 1. □ 
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